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Abstract. Necessary conditions of optimality are derived for multiobjective op-
timal control problems with free end-time, in which the dynamics constraint is
modeled as a nonconvex differential inclusion. The obtained results cover some pre-
vious results on necessary conditions for multiojective and single objective optimal

control problems.
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1 Introduction

The derivation of necessary conditions for multiojective optimal control problems in which
the dynamic constraint is modelled as a differential inclusion has been an area research
recently. Problems of multiobjective optimal control (MOC for short) naturally arise, for
example, in economics (see [6]), in chemical engineering (see [3]) and in multiobjective
control design (see [26]). Let us assume that < is a preference in R™. We are interested
in deriving necessary conditions for the problem with free end-times and state constraints

(P)  Minimize g(a,x(a), b, z(b))
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over on intervals [a,b] and arcs z € W!([a, b], R") which satisfy
i(t) € F(t,z(t)),a.e.t € [a,b],
(a, x(a), by 2(8)) € C,

where g : R X R" x R x R* — R™ is a given mapping, F' : R x R* = R" is a given
multifunction, C' is a closed set in R x R" x R x R™ and W' ([a, b], R") is the space of
absolutely continuous functions z : [a, b] — R".

Given z € Wh!([a,b], R™) we define z¢ to be an extension of x obtained by constants
extension for the left endpoint on (—oo, a) and from right endpoint on (b, +00). A feasible
process ([a, b], z) comprises a closed interval [a,b] and an arc x € W ([a,b], R") which
satisfy the constraints of (P). A feasible process ([as, b.], x,) is said to be a local solution
of (P) if there do not exist any feasible process ([a, b], z) with d(([a, b], x), ([a., bs], 2.)) < €
such that g(a,z(a),b, 2(D)) < g(as, x.(ax), by, z.(bs)) for some € > 0. Here

bvb'

d(([a, ], ), ([a", V], y)) == a — d| + |b = V] + |z(a) — y(a)| + /A 1E%(s) = g(s)lds,
in which a A @’ := min{a,d’} and bV V' := max{b,b'}. We remark that the notion of W!
local optimizers to differential inclusions was first introduced and studied in [15] under the
name of “intermediate local minimizers”, which are different from the classical notions of
weak and strong local minimizers in variational and optimal control problems.

In the scalar case (m = 1), there are several papers dealing with necessary conditions
of the Euler-Lagrange type for (P). The generalized Euler-Lagrange condition was first
established by Mordukhovich [15] for problems governed by nonconvex, compact-valued,
Lipschitzian differential inclusions on the fixed time interval and then was extended to
free-time problems in [14]. Further extensions for unbounded differential inclusions were
given by loffe [8], Loewen and Rockafellar [10], Vinter and Zheng [25] for problems with
unbounded differential inclusions on the fixed time interval and then by Vinter and Zheng
[23] and Vinter [22] for free-time problems.

Particularly, Vinter [22] provided an efficient scheme for deriving necessary conditions
of local optimization solutions of (P) (see [22, Theorem 8.4.1]). A notable feature of the
new free end-time necessary conditions is that they cover problems with measurable time
dependent data. For such problems, standard analytical techniques for deriving free-time
necessary conditions, which depend on a transformation of the time variable, no longer
work.

It is natural to ask whether the conclusions of theorems in [22] are still valid for the
case of multiobjective optimal control problems. The aim of this paper is to obtain such
results for (P).

Unfortunately, the scheme of the proof given by [22] fails to apply to our problem.
The reason is that in this case we can not use scalar estimations as well as differentiable
property of functions for the problem. However, that scheme helps us derive necessary
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conditions for the Bolza problem with finite Lagrangrian which plays an important role
in the establishment of necessary conditions for (P).

In a close connection, recently Zhu [28] had established a result on the Hamiltonian nec-
essary conditions for a nonsmooth multiobjective optimal control problem with endpoint
constraints involving regular preferences. This result was extended later by Bellaassali
and Jourani [2]. Based on an analysis of loffe’s scheme [8], as it was mentioned, Bellaassali
and Jourani [2] obtained a interesting result on necessary conditions for multiobjective
optimal control problems. However, [2] and [28] considered only optimal problems with
the fixed time interval.

In order to derive necessary conditions of the Euler-Lagrange type for (P), we use
a variant of Ioffe’s scheme [8] to reduce the problem to the scalar case as it has been
done in [2] and [24]. We then use the Ekeland principle and necessary conditions for the
Bolza problem. Together with the maximum theorem and some analytical techniques of
nonsmooth analysis we finally obtain desired results.

The rest of the paper contains three sections. In Section 2 we present some notions
and auxiliary results involving generalized differentiation. Section 3 is to derive necessary
conditions for the Bolza problems. The final section is devoted to deriving necessary
conditions for problem (P).

2 Preliminaries and auxiliary results

Throughout the paper B stands for the closed unit ball in R™ and R, stands for RU{+o00}.
In what follows we often deal with set-valued mappings I' : R = R", for which the
notation

Limsup, I'(z) :={z* € R" : 3z, — T, 2}, — z*with o} € ['(xy)}
denotes the sequential Painlevé-Kuratowski upper limit of I at a point 7 € R"™. The set
Gphl' := {(z,y) e R" x R" : y € I'(2)}
is called the graph of T'.

Take a closed set A C R™ and point © € A. The set

(x*,u — x)

lu— ]

<0}

Na(z) = {z* € R" : limsup
A

u——x

is called the Fréchet normal cone to A at x. Let T € A, the set
Na(z) = Limsup, _, Na(x)

is the limiting normal cone to A at .



Given a lower semicontinuos function f : R" — R, and a point x € R"™ such that
f(z) < oo, the limiting subdifferential of f at x is the set

Of (x) = {7 : (¢%, —1) € Nepig(, f(x))}-

It is well known that if f is Lipschitz continuous around x with rank K, then for any
x* € Of(x), one has ||z*|| < K. The limiting normal cone and limiting subdifferential
were introduced by Mordukhovich [18]. We refer the reader to Chapter 1 in [12] for
comprehensive commentaries. Further properties of limiting normal cone and limiting
subdifferential can be founded in [12] and [4].

Let I': X C R® — 2%" be a multifunction. We now assume that I" has closed values
and define the function pr : X x R" — R by

vel(z)

The following property of the subdifferential of pr which was first established in [21], will
be needed in section 4.

Lemma 2.1 Assume that GphF is closed and (Z,7) € GphI'. Then one has
Nepur (Z,7) = | A0pr (7, 7).
A>0

Moreover, if pr(xz,y) > 0 and v € Oypr(x,y) then there exists a point z € Ilpy(y) such
that v = =2 Here Ilp(, y(y) is the set of metric projections of y onto I'(z).

The proof of Lemma 2.1 can be also found in [8], [12] and [24].

Recall that the multifunction I' : X C R™ = R" is said to be lower semicontinous
(Ls.c.) on X if for each xy € X and an open set V satisfying F'(xg) NV # (), there exists
a neighborhood U of xy such that F(z) NV # @ for all z € UN X. F is said to be
upper semicontinuous (u.s.c.) on X if for each 2o € X and an open set V' in R" satisfying
F(z9) C V, there exists a neighborhood U of xy such that F(z) C V for all x € U N X.
F' is said to be continuous on X if it is both l.s.c. and u.s.c. on X.

In the sequel we shall need

Lemma 2.2 Let X C R", Y C R" be nonempty sets, ¢ : Y x R" — R be a continuous
function and T' : X C R™ = R"™ be a multifunction with compact values. Assume that T’
18 Lipschitz continuous on X, that is, there exists a constant k > 0 such that

I'(z") Cc I'(z) + k|2’ — z|B
for all x,2" € X. Then the function M defined by
M(z,y) = max{p(y,u) : u € T'(z)}

18 continuous on X X Y.



Proof. We first show that I" is .s.c. on X. Indeed, take any point zq € X and a open set
V such that T'(zo) NV # 0. We want to prove that there exists a neighborhood U of xg
such that I'(x) NV # () for all z € U. Otherwise, there is a sequence z,, — xq satisfying
[(z,) NV = 0. Take yo € I'(xg) N V. By the property of T, d(yo, ['(z,)) < k|zg — x,|.
Hence for each n, there exists y,, € I'(z,,) such that |yo — yn| < k|zo — z,|. Consequently,
Yn — Yo and so y, € V for n sufficiently large. It follows that y, € I'(xz,) NV for
n sufficiently large which is a contradiction. Thus I' is l.s.c. on X. By the standard
arguments, we can also show that I' is u.s.c. on X.

For each (z,7) € X X Y we put z = (z,y). Define mappings ¢ : R* x Y x R* — R
and': X xY — R" by ¢f(z,u) = ¢y, u), f(z) = I'(z). Then we have

M(z,y) = M(2) = max{¢(z,u) : u € T'(2)}.

Since I is continuous on X x Y with compact values and $ is a continuous function, the
maximum theorem (see [1, Maximum theorem, p. 116]) implies that M is continuous on
XxY. O

We remark that in [13] Mordukhovich and Nam showed that under certain conditions,
M is locally Lipschitz continuous (see [13, Theorem 5.2]). However, they required that the
cost function ¢ is locally Lipschitzian. As we only need the continuity of M, in Lemma
2.2, we did not require that ¢ is locally Lipschizian.

The rest of this section is destined for some notion of preferences in R™. The concept of
a preference first appeared in the value theory of economics. In the area of multiobjective
optimization and optimal control much research has been devoted to the weak Pareto
solution and its generalizations. The preference relation between vectors x,y € R™ in
the sense of weak Pareto is defined by = < y if and only if z; < y; for « = 1,..,m and at
least one of the inequalities is strict. In other words, x < y if and only if x —y € R™ and
x # 1y, where R™ :={z € R™: 2 <0,i=1,2,...,m}. In this paper we use more general
preference relations for which necessary conditions of the weak Pareto solution and its
generalization can be derived and refined from our necessary conditions.

Let < be a preference in R™ and r € R™. We will call the set L[r] :={s € R™:s <r}
a level set at r and £ [r] is the closure of L[r].

We shall use the following definition (see [12, Dedinition 5.55] and [28]).

Definition 2.3 A preference < is closed provided that
(a) for anyr € R*, r € L [r];
(b) for any v < s, t € L[r] implies that t < s.
We say that < is reqular at 7 (in the sense of [28]) provided that
(c)
Limsup, 7Nz, (0) C Nzi(T).



It is noted that the regularity notion for preference was introduced by [17] under the
name of normal semicontinuity under which it is studied in Chapter 5 of [12]. In the
above definition, the regularity is somewhat different from that in Definition 5.69 of [12],
where a preference < is regular at (6,7) € Gph( if

Nep(60) = N (T)-

L
HHSUD ) SPhl, o

Let us give some examples for Definition 2.3.

Example 2.4 (single objective problem). When m = 1 the relation r < s becomes r < s.
It is obvious that this relation satisfies conditions (a)-(c). Therefore necessary conditions
for (P) are true generalizations of necessary conditions for single objective optimal control
(see Corollary 4.2).

Example 2.5 (weak Pareto optimal control problem). In a weak Pareto optimal control
problem we define the preference by r < s iff r;, < s;, ¢ = 1,2,...,m, and at least one
of the inequalities is strict. It is easy to check that this < satisfies (a) and (b) at any
r € R". Moreover, for any r € R™, L[r] = r + R”, where R"m_ = {s € R™ : 5; <
0,i=1,2,...,m}. It follows that Nz;,(0) C R} = Nz, (r) for all r and 6. Hence (c) is
also satisfied. Thus the necessary conditions for (P) with respect to <, are true for weak
Pareto optimal control problems (see Corollary 4.3).

3 The Bolza problem with finite Lagrangian

In this section we derive necessary conditions of the Bolza problem

(BP)  Minimize J(a,b, ) := l(a,2(a), b, (b)) + [ L(t,x(t), &(t))dt
over intervals [a, b] and arcs x € Wh([a,b], R"),

where [: RXx R" X R X R" — R, and L : R x R" x R" — R are given functions.
A triple ([a,b],z) which satisfies the constraint of (PB) is called a feasible process.
A feasible process ([ax, by], x,) is a local solution of (BP) if there exists € > 0 such that
J(a,b,z) > J(a, by, x,) for all feasible process satisfying d(([a, b], z), ([ax, bs], z4)) < €.
We now fix a feasible process ([a., bi], z.) for the problem and assume the following
assumptions which involve positive numbers 9, dg, 01:

(BH1) [ is Lipschitz continuous near (a., z.(a.), b, x«(b,)) with rank ;.

(BH2) L(-,z,-) is £ x B measurable for each x € R™ and L(t, -, -) is lower semicontinuous
for a.e. t € [ay, b,

(BH3) For all N there exists ky € L'[a., b,] such that

|L(t,z,v) — L(t, 2", v)| < kn(t)|z — 2’|, L(t, z.(t),v) > —kn(t)
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for all z,2" € x,(t) + 0B and v € &.(t) + NB, a.e. t € [a,, b,].

(BH4) There exist essentially bounded functions @ : [a,—do, a.] — R™ and @ : [bs, b.+d1] —
R™ such that the function t — L(t, x,.(a.),u(t)) and t — L(t, z.(bs), a(t)) are essentially
bounded on [a, — g, a.| and [by,b. + &1], respectively. Moreover, there exist positive
constants kg, k1 such that for all u € R™ one has

|L(t,z,u) — L(t,2',u)| < kolx — 2’| Vo, 2’ € x.(ax) + B, a.e. t € [a, — do, a.]
and
|L(t,x,u) — L(t, 2" u)| < kqlx — 2| Vo, 2" € 2.(bs) + 0B, a.e. t € [by, b, + 01].

Define
HA(tJ‘T?va) = <p7 U> - )\L(t,x,v).

We have the following result on necessary conditions for (BP).

Theorem 3.1 Assume that ([a., bs], z.) is a local minimizer of (BP), for which J(a, x.,b.) <
oo and (BH1) — (BH3) are satisfied.

Then there em’st an arc p € Whi([a,,b.], R"), real numbers &, n and X\ > 0 such that

(i) A+ [Pl =1,

(i) p(t) € co{a : (a p(t)) € NOL(t, 2.(t),24(t))} a.e. t € [ay, by,

(i) (=&, p(as), 1, =p(bs)) € AOl(as, L4(as), bs, 24 (bs)),

%) (p(t), &.(t )> AL(t, 2. (1), 24(t)) = (p(t )7U> AL(t, z.(t),v) for allv € R,

v

€< ili% €8S SUDye(q, —g.a.+o] HA (L, T.(t), T4 (t), pas))

and
n < (ITILI%] ess supte[b*_mbﬁgﬂ‘()\(t,x*(t), T4 (t), p(bs)).

Moreover, if (BH4) holds, then
£> lirrll) ess infiejq, —o,0. ) HA (L, 24 (ay), U(t), play))

and
n > hm ess infyep, b, 1o HA (L, T4(bs), U(t), p(by))-

O'—)

Proof. To prove the theorem, we use a variant of the scheme in [22, Theorem 8.4.1].

Stepl. Take a, € R, g1 : R" — Ry, g2 : RX R — Ry and g3 : R — Ry. Let ([ax, b, z.)
be a Wl local minimizer for the following problem:

Minimize g;(z(ax)) + go(b, z(b)) + g3(b) + fab L(t,x(t),(t))dt
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over processes ([ax, b], z) which satisfy x € W1 ([a,, b]).

Assume that (BH2) and (BH3) are satisfied, g; is Lipschitz continuous near z.(a.), go is
twice continuously differentiable near (b,, z.(b.)) and g5 is Lipschitz continuous near b,.
We show that there exist p € W and A > 0 such that

(A1) A+ [lplle = 1,

(B1) p(t) € cofa: (a, p(t)) € AIL(t, x.(t), .(1))} ae.,

(C1) pla.) € Adg1(2.(a4)),  —p(be) = AVayg (b*,ﬂf*(b*))

EDl) (p(t), 2(1)) = AL(t, 2. (t), 24(1)) = (p(t), v) = AL(t, 2.(t), v) for all v € R", a
El)

AV g2 (b, 2. (bs)) < ess Supp, g p, 4o HA (L T (), 24 (1), p(bi)) + A3,
in which k3 is a Lipschitz constant for g3. Moreover, if (BH4) holds then

—Akg + lim ess infp, o b o] HA(L 24 (bi), U(t), p(bs)) < AVga (i, 24(Ds)).

Conditions (A1)-(D1) follow directly from the fixed end-time conditions [24, Theorem
3]. It remains to prove (E1). For o > 0 sufficiently small, ([a., b, — o], z.) must have cost
not less then that of ([a., b.], ). Hence we have

b* b*—o

where L, (t) := L(t, z.(t),#.(t))). Since g, is C?, we get

b* b*

b (8)dt + o) + ks — / L.(t)dt.

by—0

0 S _ngg(b*,x*(b*))a - Vmg2<b*,l’*(b*))/

by—0o
Consequently,

b* b*

T (t)dt + No(o) + kso — )\/ L.(t)dt

bi—0

= —AVg2(bs, T4 (bs))o + / [(p(by), T4 (1)) — AL (t)]dt + Xo(o) + Akso.

by—0
Hence

b
AV (bes (b)) < lim [ [p(bs), 2 (8)) — AL (8)]dE + Mg

o—0 0o be—c

<limess sup Hi(t,z.(t), Z.(t), p(bi)) + k3.
o—0 [bx—0,bs+0]

We now assume that (BH4) is fulfilled. Define a multifunction

F:|bobi+0]xXR"XR—R"XR

8



by setting F'(t,z,y) = {(u,v) € R* x R : v = L(t,z,u))}. It is clear that for a.e.
t € [by, bs + 01, the multifunction (x,y) — F(t,z,y) is Lipschitz continuous with rank
k1 in a neighborhood of (z.(bs),y(b«)), where y is a given constant function. Define the
function 2 : [by, bs + 1] — R™ x R by 2(t) = (Z(t), §(t)), where

Z(t) = x4(bs) +/b u(s)ds, y(t) = y(bs) +/b L(s,z.(by), u(s))ds.

We see that () € F(t, :z:*(b*) y(by)). For each o < 0, we put K, = exp(fbb:“ kydt),

pe(2) = J, 7 pe(t 2(1), 2(8))dt, where pp(t, 2(t), 2(1)) == d(:(t), F(t, (1)) and 2(t) =
(x(t ) y(t)). Since t +— u(t) and t — L(t, x,(bs), u(t)) are essentially bounded, there exists
a constant M > 0 such that

[2(t) = (2(ba), y(b:))| < Mt = ba].
Hence 2(t) — (z.(b.),y(b.)) as t — b,. By the Lipschitz continuity of F', we have

F(twa(ba), y (b)) C F(E 2(8) + kal2(8) = (24(b4), y(be))]

for a.e. t € [b,,b, + 0y] for some oy < &;. This implies that p(t, 2(t), 2(t)) < ki M|t — b,|
for a.e. t € [by, b, + o1]. Hence for all o € (0,0;) we have

beto .
po(2) = / ot 2(8), 5(0))dt < Mo,
by

Consequently, K,p,(2) — 0 as ¢ — 0. By Theorem 3.16 in [5] for each o € (0,0y),
there exists a solution z,(t) = (2,(t),ys(t)),t € [be,be + 0], 2,(t) € F(t,2,(t)) with
25(bs) = Z(b,) satisfying

b*+0' . b*+0 .
/ ) — AWl < K, | pr(t 20, A0)dt < K, Mo
b b
This implies that

beto
/ o (1) — A(0)]dE < K, Mho?
by

and bt
/ |L(t, 25 (t), 35 (t)) — L(t, 2, (b,), a(t)|dt < KyMkio®.
b
Fixing any o € (0,07), we define a function = by consternating z.(t), a. <t < b, and

Zy(t), b <t < b, + 0. We therefore obtain a feasible process ([a.,b. + o], x). Since
([ax, by + o], x) must have cost not less then that of ([a., b.], z.) we conclude that

gg<b*,flf*(b*))+g3(b*)+/ L.(t)dt < gg(b*—i-a,x(b*—l-a))—l-g;;(b*—i—d)—i-/ UL(t,x(t),x'(t))dt.
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Hence
bi+o b*+U
0 < Vig2(bs, z.(bs))o + o(0) + kso + / Vg2 (bs, x4 (by)) 2o (t)dt + / L(t, xy(t), 2, (t))dt
ba ba
by+o
S ng?(b*v {E*(b*))O' + O(U) + k30 + / v$<92(b*7 J]*(b*)), ﬂ’(t»dt—'_
b*
be+o )
+ | V.g2(bs, :1c*(b*))|K(,Mk:1c72 + / L(t, z.(b.), u(t))dt + KUMklaQ.
ba

Multiplying the latter inequality by A > 0 and dividing by ¢ > 0 yields

1 beto
=N 2 [ p(b)a(0) ~ AL . (b.). 0 <
g Jo,
S KoMklo-(v:n92<b*a I*(b*)) + ]-) + /\ng2(b*; CU*(b*))
This implies that

— Ak + lim ess ’ inbf ]H,\(t, T (by), U(t), p(by)) < AVpga(by, 24(bs)).
g— *—0, « 0

Thus assertions of Step 1 are obtained.

Step 2. Take a, € Rand g : R x R" x R® — R,. Let ([a.,b.],z.) be a Wh! local
minimizer for the following problem:

Minimize g(x(a.),b,x(b)) + [ L(t,x(t), & (t))dt

over processes ([ay, b], z) which satisfy x € W1 ([a,, b]).

Assume that (BH2)-(BH3) are satisfied and g is Lipschitz continuous near (z(a.), by, (b))
with a rank k,. We show that there exist p € W', real numbers n and A > 0 such that
(A2) A+ [Iplloc + [l =1,

(B2) p(t) € co{a : (a,p(t)) € NOL(t, x.(t), 2.(t))} a.e.,
(C2) (p(ax),n, —p(bs)) € Ag(2.(as), be, . (bs)),
(D2) (p(t),:c*( )) — AL(t, 2. (t), 2. (t)) > (p(t),v) — AL(t, z.(t),v) for all v € R", a.e.,
(E2)
n < 111% ess . suapb }Hx(t T (t), Tk (), p(bs)).
Moreover if (BH4) holds, then

n > limess inf Hy(t, z.(bs), U(t), p(bs)).

=0 [ba,be-to]

Take a sequence K; — oo and define
%&xﬁwkzﬂﬂ%%ﬂ%%mwﬂﬁ/L@xU (1)) dt + K (|7(0) = b* +[y(b) =2 () *),
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where 7 and y are constant functions. Denote by W the set of all ([a,b],z = (x,7,9))
such that x € Wh([a,,b], R"), T € R,y € R". With respect to the metric

d(([ax, 0], (z,7,9)), ([, V], (2", 7, 9/)) = [b=V|+|2(as) =2 (ae) [+ 2 =" | +[7—7'|+|y—y/],
W is complete and J; is continuous. Let us define a sequence ¢; by
€2 = Ji(by, Ty, by, 74(D,)) — iglvf Ji(b,z, T, 1).

By similar arguments as in Step 5, we can show that ¢; — 0. The Ekeland Principle now
gives us, for each i, a point (b;, x;, 7, y;) in W such that

d[(bi,xi,n,yi),(b*,x*,b*,x*(b*))] S €; (1)

Ji(biaxiaThyi) < Ji<b7$a7-7 y) + Eid[(biamiaThyi)? (b,l’,T, y)] \V/(b,l',’r, y) ew. (2>

From (1), it follows that b; — b., 7, — b.,y; — x.(bs), ¢ — 2¢ uniformly, 2§ — ¢ a.e.
and in L. Also, (2) implies that (b;, 7, ;,%;) is a W minimizer of the functional

Ji(b, 2) = gla(a), (@), y(a)) + el|r(a) — 7l + [a(a.) — zi(as)] + |y(a.) — yil)+

bvb;
+ Ki(|7(b) = b* + [y(b) — 2(B)*) + ei((|b — b + /b |25 (8)]dt)+

+ / (L(t,x(t), 2(t)) + €T — @5|)dt.
Put

g1(2(a.)) = g(x(a.), 7(ax), y(an)) + e(|7(an) = 7l + |2(a.) = zi(ad)] + [y(a.) — uil),
92(b, 2(b)) = Ki(|7(b) — b* + [y(b) — (b))

and
bvb;
ult) =allo—bl+ [ la0)lde).
b
According to Step 1, there exist p;, real numbers \; > 0, 7; and r; such that

(1) Ai + || + [ril + llpilloo = 1,
(ii) pi(t) € co{a : (a,pi(t)) € NiOL(t, x;(t), 2;(t)) + e:X{0} x B} a.e. t € [a., bi],
(il) (piaw), ni, i) € Ni0g(zi(ay), 7, y;) + hie;B x B x B and
—(pi(bi), mis i) = AiVg2(bi, 2i(Ds), 7:(bs ), i (bs)),
(iv) (pit), :(8)) = N L(t, 2i(t), @4(1)) = (pi(t),v) = AL(t, 24(t), v) — Ni€i|v— ;| for all v € R”
and a.e. t € [ay, b;).

(v)

AiVg2(bi, 2i(b;), Ti(bs), i (b;)) < hf% ess sup Ha, (L, zi(t), Zi(t), pi(bs)) + Ni€iks.
o [bi—0o,b;]

’L

..
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Assume that (BH4) is fulfilled. Putting @; = @, we see that functions u; and
t— L(t, xi(b;), ui(t)) + &u;(t)|
are essentially bounded on [b;, b; 4+ 6;]. Moreover for i sufficiently large, the function
x— L(t,z,u) + lu — z5(t)]

is Lipschitz continuous with rank ky for a.e. t € [b;, b; + 01].
By the conclusion of Step 1, one has

AiVbg2 (b, i (bi), 7i(bi), yi (b)) >
> —\€eiks + ilir(l) ess wi,igig}[(pi(bi), wi(t)y — NiL(t, (b)), 4 (1)) — Nies|wi(t)]]-
From (iii) we have —p;(b;) = =2\ K;(vi(b;) — zi(b;)), —mi = 2N K(1 — by), —1y =
20\ Ki(yi(b;) — xi(b;)). Hence —p;(b;) = 73 and \iViga(by, 24(bi), 7:(bi), yi(bi)) = .
Since pls are bounded and their derivatives are bounded by an integrable function,
p; — p uniformly and p; — p weakly in L' for some p € Wh. A further subsequence
extraction ensures that \; — A, n; — n for some A > 0 and 7. By passing to the limits as
i — o0 in (i)-(v), we obtain (B2)-(E2).
Since A; + ||pi||oo + |mi| # 0, by scaling multipliers we can arrange so that A; + ||p; /oo +
|n:| = 1. Letting ¢ — oo we obtain (A2). The proof of Step 2 is complete.

Step 3. (Necessary conditions for fixed right end-time problem). Take b, € R and g :
R x R" x R" — Ry, Let ([a., bs], z.) be a W local solution of the problem:

Minimize g(a,z(a),x(bs)) + fab L(t,z(t),z(t))dt
over processes ([a, b,], x) which satisfy x € Wi([a,b,], R").

Assume that (BH2),(BH3) are satisfied and ¢ is Lipschitz continuous in a neighborhood
of (G, x«(ay), z * (by)). We show that there exist p, real numbers £ and A > 0 such that

(A3) A+ [Iplloe +1€] =1,
(B3) p(t) € co{a : (a,p(t)) € ANIL(t, x4(t),%.(8))} a.e. t € [as, by,
(C3) (=&, p(as), =p(bs)) € ADg(an, x+(ax), z.(bs)),
(D3) {p(1), 2+(t)) = AL(L, 2.(1), 24(t)) = (p(t),v) = AL(L, 2.(1),v) for all v € R",
t € [ay, b,
(E3)
¢ <limess sup Hi(t,z.(t),7.(t),plas)).

O'—>0 [a* A +U]

Moreover,
€ >limess inf Hy(t,x.(a.),u(t),plas))

oc—0 [ax—0,a4]

whenever (BH4) is fulfilled.
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Put @, = —b,, V' = —a, U, = —a,, 2'(s) = x(—s), W(s) = —u(—s), 2.(s) = z.(—s),
g (t,z,y) = g(—t,z,y) and L'(s,z,y) = L(—s,z,—y). By considering a change of inde-

pendent variable s = —t, it follows that ([a},b.], «}) is a solution of the problem

Minimize ¢'(t/, z(b'), z(a.)) + f;,/ L'(s,2'(s),2'(s))dt
over processes ([a’, ], 2') which satisfy 2/ € Wh([a., V], R").

According to Step 2, there exist p’, p/,+', X and 1’ such that

(1) N+ Il + 0| = 1,
(ii) p'(s) € co{a : (o, p'(s)) € NOL/(s,x.(s),X,(s))} a.e. s € [d, V],
(iii) (', —p'(b}),p'(a})) € NOg' (¥, 2, (b)), @/ (a.)),
(iv) (p ( ) L(s)) = NL'(s,x4(s),2.(s)) > (P'(s),v) — NL'(s,2,(s),v) for all v € R", a.e
(v)
7' < limess sup [(p/(b)),2\(s)) — AL'(s,2(s), \(s))].

=0 b—obl]

Moreover,
n' > limess inf [(p/(b)), ' (s)) — AL (s,2.(s), 7 (s)))]

o—0 (6,0 +0]
whenever (BH6) is fulfilled.

Put £ =7, A= X and p(s) = —p/(—s). By simple computation we obtain (A3)-(E3)
from assertions (i)-(v).

Step 4. Take g1,92 : R X R" — Rw, g3 : R — R Let ([as, b.], ) be a solution of the
problem:

Minimize ¢;(a, z(a)) + g2(b, z(b)) + g3(b) + f; L(t,x(t),z(t))dt

over processes ([a, b, x) which satisfy x € W([a, b], R").
Assume that (BH2) and (BH3) are satisfied, g; is Lipschitz continuous near (a., z.(a)),
g2 is twice differentiable near (b, z.(b.)) and g3 is Lipschitz continuous near b, with rank
k3.
Fixing b = b,, we see that ([a, b.], ) is a solution of the problem

Minimize g1(a, 7(a)) + ga(bs, 2(b.)) + gs(bs) + [, L(t, x(t), & (t))dt

over processes ([a, b,], x) which satisfy x € Wi([a, b,], R").

According to Step 3, there exist p, real numbers A > 0 and £ such that
(AD) A+ [plloo 161 = 1,
(B4) p(t) € co{a: (a,p(t)) € AOL(t, x.(t), %.(s))} a.e. t € [as,b.],
(C4) (=€, p(a.)) € A0gu(ax, w.(ax)), —p(b) = AVag2(bs, 2.(bs)),
(D4) ),
t

D4) (p(t), 2.(t)) — AL(t, z.(t),2.(t)) > (p(t),v) — AL(t,z.(t),v) for all v € R™,
€ [ax, by,

13



(E4)
€ <limess sup Hy(t,z.(t),Z.(t), p(a)).

o—0 [ax,ax+0]

Moreover,
&> lin%ess inf  H\(t, z.(as),u(t), plas))

[ax—0,a4]

Since ([ax, bs], ) is also a solution of the problem

Minimize g1 (a., z(a.)) + ga(b, (b)) + g5(b) + [7 L(t,x(t), & (t))dt
over processes ([ax, b], z) which satisfy x € W1 ([a,, b], R"),

a similar argument as in Step 1 shows that

— Mk + lirr(l) ess inf  Hy(t, x.(by), a(t), p(bs)) < AVpga(be, 24(by)) <

[bs,bs+0]
<limess sup Ha(t, z.(t), Z.(t), p(bs)) + Aks.

o—0 [b* _U’b*]

Step 5. We now return to the problem (BP). Let ([a., b.], z.) be a solution of (BP)

Minimize J(a,b, z) := l(a, z(a), b, z(b)) + fab L(t,z(t),z(t))dt
over intervals [a, b] and arcs x € Wh1([a, b], R").

We want to show that there exist p, real numbers A > 0, £ and n which satisfy the
conclusion of Theorem 3.1.
Take a sequence K; — oo. For each ¢ we put

b
Jila, b, x,7,y) = l(a7ﬂf(a),7(a)7y(a))+/ L(t,x(t), &(t))dt+ K (|7(0) b +]y(b) —(b)[*),
(3)

where 7 and y are constant functions. Denote by W the set of all (a,b, z = (z, 7,y)) such
that z € W'l ([a,b], R"), T € R,y € R". Tt is clear that W is a metric space with respect
to metric d induced by the norm

(a0, 2, 7,y)| = |a] +[b] + |z(a)] + |2°]| 20 + |7] + |y.
Moreover, J; is continuous on . Define a sequence €; by

€2 = Ji(ay, by, Ts, by, 7. (b)) — inf Ji(a, b, 2,7, y).
W

We claim that ¢, — 0. In fact, from (BH1) we get

la,z(a), 7,y) = la, x(a), b, (b)) — k(|7 — bl + |y — =(b)]).

14



Hence

b
Ji(a, bz, 7, y) > l(a,x(a),b,z(b) + [ L(t,x(t), z(t))dt—
— k(T =0 + ly — 2(D)]) + Ki(|7(b) — b* + |y(b) — 2(b)*)
> Ji(u, by, T, bs, 30 (by)) — k72K

This implies that ¢; < % — 0. Since (ay, by, x4, by, x4(b,)) is an €; minimizer, Ekeland’s

principle give us, for each ¢, a point (a;, b;, x;, 7, y;) such that
d[(aia biv Ty, T, yz)» (CL*, b*7 Ly b*7 [E*(b*))] S €y (4>

Jilag, by, xi, 1, y:) < Jila, by, 7,y) + €d[(a, b, x, 7, y), (a;, b, xi, i, y:)] V(a,bya,7,y) € W

(5)-

From (4) we get a; — ay,b; — by, 7 — by, yi — x.(by), ©; — z, uniformly, 2§ — 5 a.e.
and in L. Tt follows from (5) that (as, b;, zs, 75, y;) is a W minimizer of the functional

Jila, 2) :=Ua, x(a), 7(a),y(a) + &lla — ai + [z(a) = zi(as)| + |7 = 7| + [y — wil)

+€i/a |x'f(t)|dt+/ (L(t,z(t), (1)) + €] 2(t) — 25(t)|)dt+

Na;
bVb;
4K 0) =V + ly(b) = 2(®)F) + o= bl + [ lz(olar),
b
where z := (z,7,y). Note that since ¢ — ¢ in L', there exists h € L' such that

|25(t)| < h(t) a.e. Hence the functions a — [7, |&¢(t)|dt and b — bbw” 1¢(t)|dt are
Lipschitz continuous with rank M = esssuph.

According to Step 4, there exist p;, real numbers \; > 0, &;, 1; and r; such that

(AD) Ai + lIpilloe + 1€l + [l + [ril = 1,

(B5) pi(t) € co{a : (o, pi(t)) € AOL(t, xi(t), %i(t)) + 6Ai{0} x B} a.e. t € [ay, by,

(C5) (=&, pilai), mi, i) € Nol(ai, xi(a;), 7o, yi) + NieiM (B x {0} x {0} x {0}) + \ie; B* and
—(pi(bi), miy i) = 26 Ki(—yi + wi(bi), 7 — biy yi — @i(bs))

v e R"and a.e. t € [a;,b;).

(E5)
hi% ess[ inf v}[(pi(ai),ﬂi(t» = ALt wi(t), 2:(t)) — Niei|wi ()] < & <
< lif% ess sup [(pi(a;), 5(t)) — NL(t, 25(t), 2;(t))]
o lai,a;+0]
and
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o i,bi+0

< 2Ki€i(bi — 7:) = m; < lim ess S ]Kpi(bi),iti(f» = AL(t, (1), 23(0))] + Aiea(1 + M),

where w; = ©¢ and u; = u°.

Since p;’s are bounded and their derivatives are bounded by an integrable function,
p; — p uniformly and p; — p weakly in L' for some p € Whl. A further subsequence
extraction ensures that A\, — A, 1, — 71, & — £ and r; — —p(by). Note that since
—pi(b;) = r;, it follows that that A + ||p|| # 0. By passing to the limit and standard
arguments we can show that A\ and p satisfy the conclusion of the theorem. The proof of
the theorem is complete. [

Remark 3.2 Theorem 8.4.1 in [22] gave necessary conditions for problem (P) in the
scalar case. It is possible to reduce (BP) to (P)(in the case m = 1). However, it seems
that this transformation causes the structure of the problem becoming poor and so it
is difficult to obtain the desired conclusions. In the above argument, we exploited the
structure of (BP) and gave a direct proof.

4 Necessary conditions for MOC

In this section we derive necessary conditions for (P). Fix a feasible triple ([a, b.], x.) and
assume the following hypotheses which involve positive number 4, a nonnegative function
kr € L'a,,b.] and a number 3 > 0:

(H1) g is Lipschitz continuous on a neighborhood of (., z.(as), by, z.(b,)) with rank k,
and C' is a closed set.

(H2) F is £ x B measurable with nonempty values and GphF'(t, -) is closed.

(H3) F has the integrable sub-Lipschizian property (see [10]), that is,

F(t,2 )N (z.(t) + NB) C F(t,z) + (kp(t) + BN)|2’ — x| B

forall N >0, 2/, x € 2.(t) + 0B, a.e. t € [ay,b,].
(H4) There exist positive constants ¢, ¢1, ko and ky such that

{F(t,a:) C B

F(t,2") C F(t,z) + kol2' — z|B,

for a.e. t € [a, — 6, a,] and for all x,2" € z.(a,) + I B;

F(t,z) C \B
F(t,a") C F(t,z) + k|2’ — z|B
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for a.e. t € [by, b, + d] and for all z, 2’ € x.(b,) + 0B.

In what follows H (t,z,p) := sup{(p,v) : v € F(t,z(t))} and ess,_.f(7) is the essential
value of a real value function f at ¢t € I C R, that is, ess,_+f(7) := [a_, ay], where

a_ :=limess infcy_s446f(7) and ay = (lsi_r)r(l) €ss Sup,¢f—s46f (7)-

0—0

We refer the reader to [22, Proposition 8.3.2] for properties of essential values.

We are ready to state our main result

Theorem 4.1 Suppose z,. is a W local minimizer of (P), preference < is reqular at
g(as, To(ay), by, T.(by)) and assumptions (H1)- (H4) are satisfied. Then there exist an
arc p € Wh([a., b, R"), a vector w € Ny o v (a) b (v)) (9@, To (), bey 2 (bs)) with
|lw| =1 and real numbers A > 0, & and n such that

() A+ [plloo = 1,

(350 € ol 0,10) € Ny (50 5(0) e 1o )

(1i1) (=&, plas),n, =p(bs)) € A0(w, g(as, T4(ax), bs, 22(0))) + No(as, 24(a), bsy 24(bs)),

(i) {p(t), 2.(t )> H(t, 2.(t),p(t)), a-e. t € [ax, b,

(v) € € essia, H(t, xu(as), p(ay)) and n € ess;_p, H(t, x.(bs), p(by)).

Proof. Define a mapping pr : R x R" x R* — R by
pr(t,x, &) =inf{|t —v|:v € F(t,x)}.
According to Lemma 7 in [24] it follows from (H3) that pg(¢, -, -) satisfies condition (BH3)
for a.e. t € [a,,b,]. Put
W. = {([a,b],z) : 2 € W' ([a,b]),d(([a, ], ), [as, bs], 7.) < €}
and
Se ={([a,b],x) € W : (a,z(a),b,z(b)) € C,x(t) € F(t,z(t)),a.e.}.

It is clear that W, is a complete metric space and S, is a closed set in W..

Fix N and reduce the size of € such that ([a., b.], ) is the solution of (P) in S..

As in [24] and [2], we use a variant of Ioffe’s scheme [8] by considering two following
possible situation:
(a) There exist € € (0,¢) and K > 0 such that for any ([a,b],z) € W, one has

d(([a, b], ), S¢) < K[/ pr(t, x(t), £(t))dt + Kdo(a, x(a), b, x(b))]. ()

(b) There exist a sequence €, — 0, a sequence ([ax, bg], z) € W, such that

by,
d(([ak,bk],xk),&) > 2]{?[/ pF(t,xk(t),:tk(t))dt+deo(ak,a:k(ak),bk,xk(bk))]. (6)

ag
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Case (a) Since g(a., v.(a), by, T.(bs)) EL[G(ax, T4(a4), bs, 2. (bs))], there exists a sequence
Or €L[g(as, 7. (as), by, 24(Dy))] such that |0p — g(a., v.(as), by, 2.(b))| < 1/k% Put Q, =

L[0x] and define the function

lg(a,z(a),b,x(b)) — 0] if (a,b,x,0) € S x Q.

400 otherwise.

o(a,b,z,0) = {

We claim that ¢ is L.s.c. on W x Q. Indeed, assume that ((a,b,z),0) € W x Q and
W,/

((an, by, 4),0,) — ((a,b,x),0). If (a,b,x,0) € SexQ, then it follows from Lipschitzian
continuity of ¢ that

|Q0<(ln7bn7l'n,0n) - Q0<G7b,l',0>| S kg(‘an - (l| + |b” - b‘ + |$n(an) - x(a)|
+ |20 (bn) — z(b)|) + |0, — 0]
< ky(lan — al + |bp — b + 2|z — 2|o0) + |0 — 0] — 0
If (a,b,2,0) ¢ So x Q then (an, by, n,0,) ¢ S x Qy for n sufficiently large because

Ser % is closed in Wy x R™. Hence lim,,_,« ¢(ay,, by, T, 0,) = +00 > ¢(a, b, z,0). Thus
¢ is L.s.c. Since ¢(a, b, z,0) > 0, one has

bz, 0) < inf b,x,0) + 1/K%
b @b < B g, Pl BT O+

The Ekeland principle gives us, for each k, a point (ag, by, Tk, xx) € We X £ such that

1
@(akabkaxlﬂXk) S gp(a'*vb*wx*vek) < ﬁa (7>
|k — ay| + |bx — bs| + |znlar) — zula)| + |2 — @]z + [xe — Ok < 1/E, (8)
1
(P(Clk, bka T, Xk) < 90(617 ba xz, 0) + Ed(([aa b]a .’L’), ([ak7 bk]?mk» + ’9 - Xk‘) (9>

for all ((a,b,z),0) € W x Qg. From (7), we get (ag,bg,xr) € Se. (8) implies that
ay — G, by — by, wp(ag) — zo(as), 2 — ¢ uniformly, #{ — ¢ a.e. and x; —
9@y, xi(ay), bs, 4 (be)). We claim that xi # g(ak, vx(ag), bg, xx(bx)). Indeed, suppose
that x. = g(a, v(ag), by, 7x(by)). Since < is closed, the relation y; €L[xx] and y; <
g(ay, x4(ay), by, (b)) imply that

9(ar, zr(ar), br, (b)) = Xr < 9@, T4(a4), by, T4(Dy)).

This contradicts to the fact that ([ay, b.], z,) is a minimizer.

Put wy, = X=grtelen)beribe) \We can assume that wy — w with |w| = 1. Substitut-
[xx—9g(ar,zx(ar),br,k (b))

ing (a,b,z) = (ax, by, ) into (9), it follows that

0 € (lg(an, 2r(ae), b 7x(b)) 1) + 11 —xel) 006) + Noy ()
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This implies that wy, € B + Ng, (xx). Hence
w € lm Now (Xe) © Nzjga. . (an),be,an b)) (9 (@ (@) bey (b))
Also, substituting 6 = x4, into (9), it follows that
Pk b, ) < pla,b,,00) + (a8 0), e, b ).

Combining this with (5) yields

go(ak, bka T, Xk) < QD(CL, b,:L‘, Xk) + %d(([av b]’ :L‘), ([akv bk]vxk))+

+ [/ pr(t, x(t), z(t))dt + Kdc(a, z(a), b, x(b))].

for all ([a,b],z) € We. This implies that ([ag,bx], xx) is a We minimizer of the Bolza
problem:

Hasboa) i= [ (pr(t.a0)a(6)) + 11 = e + [gfa,2(@).b.20) — i+

1
+ Kdco(a,z(a),b,x(b)) + E(|a —ag| + b — bg| + |x(a) — zx(ag) |+
a bVby
+/ \j;;|dt+/ i |dt
ap/A\a b

L(t, x(t), &(t)) = pr(t, x(t), &(t)) +

Put

i_jﬂ?

l(a,z(a),b,x(b)) = |g(a,z(a),b,x(b)) — xx| + Kdc(a,z(a),b, z(b))+

bVby
(\a—ak\+\b—bkl+]x(a)—a:k(ak)]+/ ]ii!dt+/ ¢ dt).
b

apN\a

a

| =

+

It is easy to check that hypotheses (BH1)-(BH3) hold for [ and L. By Theorem 3.1, there
exist p, € WHL, real numbers A, > 0, &, n;, such that

(A) Ak + ’pkz‘oo =1,
(B) pr(t) € co{a: (a,pr(t)) € MOpp(t, zx(t), T(t)) + %{0} X B} a.e. t € [ag, bgl.
(C) (=&, prlar), e, —pu(be)) € MO {wi, glar, Tr(ar), by, 21 (b)) + 3£ B> x {0} + 3 M (B x
{0} X B x {O}) + /\kKOdC(ak,xk(ak), bk, {L‘k(bk))
(D) (pi(t), k(1)) — Mepr(t, wx(t), @x(t)) > (pi(t), 0) = Mepr(t, 2x(t), v) — FE[v — @f] for all
v e R"ae.,
(E)
& < limess  sup  ((prlar), k() — Mpr(t, zi(t), 24 (1)) (10)

o—0 t€lax—o,ax]
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and

Nk S lim ess sup ((pk(bk),l’k<t>> — )\kpp(t,.%k(t),l’k(t)) (11)
o—0 te[bk,bk-i-()']

Fix any o < §. By (H4) we can find essentially bounded selections @y and @y, of F(+, xx(ax))
and F'(-, zx(bg)), respectively such that

(pr(ax), uk(t)) = ueF%I,g?Z{(ak))@k(ak)’ u) = H(t, zp(ak), pr(ar)) ae. t € [ay —o,ar]  (12)
and
(pk(bk), ’L~Lk<t)> = max <pk(bk), u> = H(t, xk(bk),pk(bk)) a.e. t e [bk, bk + O']. (13)

ueF(t,mk (bk))

Since L(t, xi(ar), u(t)) = z[ui(t)], the function ¢ — L(t, xx(ag), Uk(t)) is essentially
bounded on [ay — 0, ax]. Moreover the function x — L(t, z,u) is Lipschitz continuous with
rank kg in a neighborhood xy(ay,) for k sufficiently large and for a.e. ¢t € [a — 0, ax]. Also,
the function ¢ — L(t, xx(by), k(1)) is essentially bounded on [by, by, + | and x — L(t, z, u)
is Lipschitz continuous with rank k; for a.e. ¢ € [by, by + o]. Hence (BH4) is fulfilled. By
the conclusion of Theorem 3.1 we have

. . A a7
& > limess inf  (H(t zp(an), prlar)) — 22 [ue(t))) (14)
oc—0 te€lay—o,ar) k
and A
> i inf  (H(t,z(b b)) — S5 (1)) 15
N > Ulir(l]esste[bir})kw}( (t, 2 (bg), pr(br)) i |y, (t)]) (15)

Since p;’s are bounded and their derivatives are bounded by an integrable function, p, — p
uniformly and p;, — p weakly in L' for some p € WHl. A further subsequence extraction
ensures that \p — X\, mp — 1, & — &

By passing to the limit as k — oo in (A) we obtain (7). From (B) and Lemma 2.1, we
have

Pr(t) € co{a: (a, pu(t)) € Nawpnre, ) (Tr(t), 2x(t)) + %{0} x B}.
Passing to the limit as kK — oo yields
p(t) € cofa: (a, p(t)) € Narpnrr,,) (24(1), 2.(1)) }-
Hence (i) follows. As
MK Ode(ag, xx(ag), be, (b)) C No((ak, zx(ag), b, xx(by)),

passing to the limit in (C) and (D), we obtain (iii) and (iv), respectively.
By Lemma 2.2, H(t,-,-) is continuous for a.e. t. Passing to the limit in (10) and (14),
and using properties of essential values (see [22, Proposition 8.3.2]), we get

limess inf  H(t,x.(a.),plas)) <E<limess sup (p(a.),z.(t)). (16)

oc—0 t€[ax—o,ax] o—0 t€lax—o,ax]
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By (H4), we have
F(t,z.(t)) C F(t,z.(as)) + kol|z(t) — z.(a.)| B for a.e.t € [a, — 0, a.].
Hence

sup  (p(as),u) < sup  ({pa), u) + kolz.(t) — z.(as)]).
uEF (t,z«(t)) uEF (t,x«(ax))

This implies that

limess sup H(t,z.(t),p(a.)) <limess sup H(t, z.(as), plas)). (17)

o—0 t€[ax—0o,a4] o—0 t€[ax—0o,a4]
Combining (16) with (17) yields

lim ess inf H(t,z.(ay),play)) <€ < lir% ess  sup  H(t,z.(a.),plas))

o—0 t€lax—o,ax+0] t€lax—o,ax+0]

which means that £ € ess;_q, H(t, x.(a.), p(as)). By similar arguments, we can show that
N € ess;_p, H(t, x.(bs), p(bs)). Thus (v) follows.

Case (b) Putting €, = d[(a, by, 1), Se], we have
0 < e < d(([ar, be], zi), ([ax; 0], 2.)) < € — 0.

Form (6) it follows that

. €k z
f b — b
(a,b,lzgl)EWE J(CL, ,l') + 2%k > J(a’ka ks mk)a

where J(a,b, x) == fab pr(t,x(t), &(t))dt + 2kdc(a, z(a), b, z(b)). By the Ekeland principle,
for each k there exists a triple (@, bx], Zr) € W such that

d(([ax, o], @), ([aw, b, 21)) < € /2 (18)

and ([@, by, Tx) is a W, minimizer of the functional

Ji(a,b,x) = j(a, b, z) + %d(([a, bl, ), ([@r, b], Tw)). (19)

It is clear that (18) implies ([@g, bi), Tk) =5 ([as, b.], .) and ([@x, be], Ze) & S.. Rewrite
(19) in the form

Ji(a,b,x) :/ pr(t, x(t), 2(t)) + |2(t) — T°(t)|dt + 2kdc(a, z(a), b, z(b))+

e bVby e
|7, |dt + / |z |dt).
b

a

1 _
+E(’&—ak|+|b—bk‘+/

alag
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According to Theorem 3.1, there exist py, real numbers Ay > 0, & and 7 such that

(A) A + |kl = 1, )

(B) pi(t) € co{a: (a,pi(t)) € MOpr(t, Tu(t), Th(t)) + {0} x B} ae. t € [ax, byl.

( (=&, pe(@x), e, —pr(be)) € Ai2kOdc(ar, Tr(ar), b, Tu(br)) + 2B x {0} x {0} +
(B x B x {0} x {0}),

(D) (1), Ta (1)) — Aepr (8, To (1), Tu(£)) > (pr(t), v) — Aepr(t, Tu(t), v) — F5 o — Ty | for all
v € R" a.e.,
()

Ak
k

)
)
M
)

limess _inf _(H(,F@), pa(ax),) — L)) < & <

o—0 tE[ak—O',ak}

< l_li% ess  sup  ({px(@), Tk (t)) — Mepr(t, Ti(t), Th(t))

t€lar—o,ax]

and
. . TN oy Mk
limess inf (H(t,ZTk(by), pr(br)) —
o—0 telby—o,by] k

<limess sup ({pe(br),Tr(t)) — Nepr(t, T(t), Tx(t)),

7 te[@k—aﬁk}

—luR(t)]) < me <

where 7, and @, are essentially bounded selection of F/(-,7x(ay)) and F(-, T (bx)) respec-
tively which satisfy

(pk(ak),ﬂk(t» = H(t,fk(ak),pk(ak)) a.e.t € [Ek — 0, ak]

and
<pk(5k), ﬂk<t)> = H(t,fk(gk),pk(l_)k)) a.e. t € [l_)k,l_)k + O'].

Note that esssupur < ¢p and esssupux < ¢ for k sufficiently large. By using similar
arguments as in part (a), we can assume that py — p uniformly and pr — p weakly in
LY X\ — o, e — 1, & — £. By passing to the limits from (A”)-(E’) we get

(1) Ao + [[pllee = 1.

(i1) p(t) € cofa : (a,p(t)) € Nepnhp,)(@(t), T.(t))} ae.

(iid) (=€, p(as),n, =p(bs)) € Ne(as, 24(ax), by, 2. (b))

(1) {(q(t), z(t)) > < (t),v) for all v € F(t,z.(t)) a.e.,

(v) € € essyq, H(t, x.(as),p(as)) and n € ess; .o, H(t, 2.(bs), p(by)).

We now claim that ||p|| # 0. Indeed, suppose that p = 0. Then from the fact
([@, br), Tx) & S we have either (@, Ty (ayr), by, Te(bi)) & C or (Ty(t), Zr(t)) ¢ GphF(L,-).
If (@, Tr(ax), by, Tr(be)) ¢ C, then (C’) implies

— A
&k| 4 [px(@r)| + |0r] + [pr(br)| = 2kA, — f(l + M).
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Hence

|6l + [px@x)| + il + 1w (1)) Ak
>
2k Z Ak 2k2(1 +M).
By letting £ — co we get \y = 0. This contradicts to A\g = 1.
If (Z(t),Tx(t)) ¢ GrapF(t,-) then (D’) implies that

Pi(t) € MDzpr(t, T(t), Th(t)) + A—B.

By Lemma 2.1, |py(t)| > Ay — 3&. This implies that

Ak
M — — < )
k= < el
By letting k — oo we obtain Ay = 0 which is absurd. Thus it must have ||p|| = 1— X # 0.

By scaling multipliers, we can assume that ||p|| = 1. Hence we obtain the conclusion of
the theorem by putting A = 0. The proof is complete. [

We remark, as pointed out by a referee, that actually the “regularity” (normal semi-
continuity) assumption on the preference is not needed in the main Theorem 4.1 if we
use the extended limiting normal cone mentioned above for the level set instead of the
basic/limiting one. Let us give some corollaries of Theorem 4.1.

When m = 1, (P) becomes single objective problem. In this case, we have

Corollary 4.2 ([22, Theorem 8.4.1]) Suppose z. is a W' local minimizer of (P) and
assumptions (H1)-(H4) are satisfied. Then there exist an arc p € W, real numbers
A >0, & and n such that

(1) A+ Pl = 1,

(3 50) € ol (0(0) € N -0 ()} .

(ii1) (=€, plas),n, =p(bs)) € AIg(as, 2.(ax), be, 4(bs)) + Ne(aw, 24(ax), by, 2.(b2)),
() {p(t), #.(t )> H{(t, x.(t),p(t) a-et € |ax, b,

(v) & € essya, H(t, x.(a.),play)) and n € ess;_p, H(t, 2.(bs), p(by)).

When (P) is a weak Pareto optimal control problem, we have

Corollary 4.3 Suppose x, is a weak Pareto solution to the multiobjective optimal problem
(P) and assumptions (H1)- (H4) are satisfied. Then there exist an arc p € W, real
numbers X >0, &, n a a vector w € R with >""  w; = 1 such that

(i) A+ Iplloe = 1,

(i1) p(t) € co{a : (a, (t)) € Narphr,)(T(t), (1))} a.e.,

(i) (=&, plas),n, —p(bs)) € A0{(w, g(as, T.(ax), by, .(bs))) + No(as, w.(ax), by, 2.(by)),
(1) (p(t), . (t )> H(t, z.(t),p(t)) for a.e. t € [as,b.],

(v) & € essia, H(t,x.(ax),play)) and n € essi—p, H(t, 2.(bs), p(by)).
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To provide some perspective what we have obtained, in the rest of the paper we give
an illustrative example.

Example 4.4 Consider the weak Pareto optimal control problem

Minimize g(x(b)) = (21(b) — x2(b), z1(b))
over intervals [0, b] and arcs = = (z1,z2) € WH([0, 0], R?) which satisfy

(#1(1), @2(t)) € F(t,2(t)),
b<2,

(1(0), 22(0)) = (0, =2),
where

Plt.2) m —1,1] x {1} ift<1
T g {1y s

Evidently, this is problem (P) with the initial time fixed (¢ = 0) and
C = {0} x {(0,-2)} x (—o0,2] x R*.

For each w = (wy,ws), wy + we = 1, we have (w, g(x(b))) = x1(b) — wix2(b). By simple
computation, we have

Ip1] + P2 ift <1
max{p; + pa,tp1 + po} if t > 1.

H(ta (xb x2)7 (p17p2)) = {

We now assume that ([0, 4], x) is a solution of the problem. By Corollary 4.3, there exist
p, real numbers A > 0, n and w = (w1, ws) € B3, wy+ws = 1 such that assertions (i) — (v)
of Corollary 4.3 are satisfied.

Since
R*x ([-1,1] x {1}) ift<1

GphF(t,-) = {RQ x {1,} x {1} if t > 1,

we get
{(0,0)} x Ny ywqy(2(t)) ift <1
{(070)} X N{l,t}x{l}(i’(t)) if t > 1.

Hence (i) implies p = (0,0). Consequently, p = (p1,p2), where p; and py are constants.
From (7i1) we get

Nepnre,) (@(t), 2(t)) = {

(n, =p(b)) € MO} x {(1, —w1)} + N—oo27(b) x {(0, 0}.
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This implies that

URS N(—oo,z](b) and p(b) = (p1,p2) = (= A, dwy). (20)

From (iv) of Corollary 4.3, we obtain the equation

Ip1] + p2 if t <1

P1o1 + pata = )
max{p; + po,tp1 + po} if t >1

for a.e. t € [0,0]. Since @5 = 1, we get x5 =t — 2 and

1Ty =
max{py,tp1} ift>1

for a.e. ¢ € [0,0]. Since p; = —\ < 0, we obtain the equation

) —p ift<1
P1T1 = .
D1 if t > 1.

for a.e. t € [0,0].
We now consider the following cases.

Case 1. Consider b < 2. Then we have n = 0 because of (20). By (v) we have 0 =
H (b, z(b),p(b)). This implies that [p;| +po =0if0<b<landp; +p,=0if 1 <b < 2.
Hence if 0 < b < 1, then p = A = 0, which is a contradiction. Thus we must have
1 <b<2and 0=p;+ps = Aw; —1). It follows that w; = 1 and A # 0. From above we
obtain

—1 if0<t<l1
xrT1T =
t—2 ifl1<t<b
Case 2. Consider b = 2. From (20) it follows > 0. By (v) we get

n€ H(2,2(2),p(2)) = p1 +p2 = Aw1 — 1).
In this case we also have p; # 0. So it yields

-1 if0<t<l1
T =
t—2 ifl<t<2

Thus we showed that if ([0, b.], . = (14, T2.)) is a solution, then 1 < b, < 2, x9, =t — 2,

—t fo<e<l1
Ti1x =
t—2 if 1 <t<b,.
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